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A QUOTIENT OF C(0®)
WHICH IS NOT ISOMORPHIC
TO A SUBSPACE OF C(a), a < o

BY
DALE E. ALSPACH'

ABSTRACT

A quotient space of C(w*), the continuous functions on the ordinals not greater
than w* with the order topology, is constructed which is not isomorphic to a
subspace of C(a), a < w,.

§0. Introduction

Johnson and Zippin [4] have shown that a quotient of ¢, is isomorphic to a
subspace of c,. (See also [1].) This and the fact that a quotient of C[0,1] is
isomorphic to a subspace of C[0, 1] gives rise to the question of whether or not
this is a general property of separable C(K) spaces, i.e., if X is a quotient of
C(K), for some compact metric space K is X isomorphic to a subspace of C(K).
A positive answer to this question would have shed additional light on the
problem of classifying the complemented subspaces of C[0, 1] in view of the fact
that each complemented subspace of C[0,1] is a quotient of C(a), for some
a < w,, or is isomorphic to C[0,1}, [2].

In §1 of this paper we show that there is a quotient X of Co(w®) which is not
isomorphic to a subspace of C(a), for any @ < w,. In addition, X is not
isomorphic to a complemented subspace of any C(K) space and X * is isometric
to 1.

We will use standard Banach space notation as may be found in [5]. If « is an
ordinal, C(a) (resp. Cy(a)) denotes the space of continuous functions on the
ordinals not greater than o with the order topology (resp., and vanishing at a).
We will denote the ath derived set of a topological space K by K.

* Supported in part by NSF-MCS 7610613.
Received September 15, 1978

49
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Finally, we will without further comment consider elements of the spaces
C(a)*, a < w, as either functions defined on the ordinals or as measures.

§1. Our quotient space X of Co(w®) will be a ¢, sum of quotients X,, of
C(w™),n=1,2,---. The following procedure is basic to the definition of X,.

Let x be an element of the unit sphere of l,(w") = C(w")*, for some integer n,
and suppose that

suppx C[L, 0" |- [, "], m=z=2.

Let {N,:i=1,2, -} be a partition of N into infinite sets, let {yzj.;:j =1,2,---}
be a norm dense set in the probability measures on [1, @) such that the support
of y,;.. is finite for each j, and let y,; = e, the jth vector of the usual unit vector
basis of /. Define

x(B+o™)yia(k) if a =B+ " 'k, for some
xio(a) = BE[1, 0" ™ U{0},
0 otherwise,

i(1)=1,2,---. Also for each i(1), define elements Xiuy, i(2)=1,2,--- by

xny(B+ ™) if a =B+ 0™ Pk where
BE[l,w"]" " and k is the
i(2)th element of N;q),

0 otherwise.

Xip(@) =

Observe that ”xi(1)||1= ”x.-(l),-(z)“1= 1, W*limi(z)_,mx.‘(l)i(z)= Xi(1)s and if y is a w*
cluster point of {x;u:i(1),i(2)=1,2,3,---} then

y €0 {xi:i(1)=1,2,---}U{x})

=@ ({5 i(1)=2,4,6, - }U{x)).

To define X,;, we take m =n =2and x = §,=. Then x5, = 8., I = 1,2,-- -, each
of the measures Xiuy) is supported in {wk +!:l € N5, k €N} and

xi(w(k +1)) if [ is the i(2)th element of N,
X0k +1) =

0 otherwise,
k=0,1,2,---.
Note that SUPP Xiyi2) N SUpp Xiayiey = @ if (i(l), i(2)) # (l(l)’, i(Z)’) Let
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Y, =5pan ({x:quey: i(1),i(2)= 1,2, - - }U{xiy: i(1) = 1,2, - - - } U {x})

and X, be the predual of Yy, i.e., if (Y1), = {f € C(0?):(y,f)=0forally € Y}},
then X, = C(w?)/(Y,).. It is easy to see that Y, is w* closed and that a basis for
Y., 1-equivalent the usual unit vector basis of [, is

{Xiay:i(1),i(2)=1,2,- - }U{xz:1=1,2,-- - } U {x}.

To define X, we iterate this construction in the following way. Let x =
8.€l(w*) and define the sequences {xiy:i(1)=1,2,---} and
{Xiie:i(1),i(2)=1,2,-- -} as above. Note that

Supp Xy C [1, ©“]1% - [1, 0*]®

and we can use our procedure starting with xiue to define sequence
{ximi@ie:i3)=1,2, -} and {Ximimienw: i(3),i(4) = 1,2, - - }. Precisely,

x,-(l).-(z)(B + wz)y.-(:;)(k) if @ = B + wk for some

Ximiae(e) = B €1, 01® U0},
0 otherwise,
and
xi(l)i(z)i(;;)(B + w) ifa= B + k, some B (S [1, 0)4](1) and k
x,-(l),'(z)i(3)i(4)(a) = iS the l(4)th element Of Ni(3),

0 otherwise.

Let Y,=span{x,:t is a n-tuple of positive integers 0 =n =4} and let X,=
C(0*)/(Y>).. It is easy to see that Y, is w* closed and that

{x,:tisan-tuple,0 = n =4, andif ¢ is of odd length, the last entry is even}

is a basis for Y, equivalent to the usual unit vector basis of [,.
Continuing in this way, we define for each n a w* closed subspace

Y, = span{x, : t isan [-tuple, 0 = | =2n}

where x = x,.,t is the O-tuple, is 8,>. Clearly Y, is isometric to I, and
X, = C(0®")/(Y,). is its predual.
Obviously X = (£ X..),, is isometric to (Z C(0**))/(E(Yn)L)e» (E C(@™)),, is
isometric to Co(w®), and X* is isometric to (2 Y, ), which is isometric to I,.
To show that X is not isomorphic to a subspace of C(a), for any a < w,, it is
sufficient to show that for every 8 > 0 there is an integer n such that Bx: does not
contain a countable set A homeomorphic to a closed subset of [1, ] which is &



52 D. E. ALSPACH Israel J. Math.

norming, i.e.
sup{|[{a,x)|:a € A}z §]x]|.

This is equivalent to saying that 8 'co+ A Z By: = By,
The main step in our argument is contained in the following lemma:

LemMA. Suppose A is a countable o (l\(w), C(w)) closed subset of B,(w). Then
for every € >0 there is a probability measure x, supp x C[1,w), such that

lax +byllz(la[+[bllyl)1-e)-|ble/s, Va, bER, Vy€A

Before proving the lemma we will use it to show that X is not isomorphic to a
subspace of C(a), for any a < w,.

Fix n and define for each [-tuple f, 0=I=2n, an operator
R, : li(0™)— I,(@™) by

Rtﬂ = MIU{(nC voaplir=1,2,--,r}s

where suppx, ={a,:r=1,2,---,r} and a;=supp{y:y<a, and if
a, € [1, 0™ ], for some m, 1=m =2n, y €[1, 0> U{0}. Note that if the
length of t is even R,(Y,)C Y.

Also define, for each t, an operator T, on l,(w>") by

T =X ulelals;  Ta=pllo”]bm

It is easy to see that T,=T.R, T.(Y.)CY, and if ¢t =(i(1),i(2),---,i(l)),
T.X:q).--.iH = X, if j Z L. We leave it to the reader to check that both R, and T,
are w* continuous.

Consider U, = 2i_; Ty + T[I — Z7_; Ry). (The infinite sums are convergent in
the strong operator topology.) U, is w* continuous, U«(Y,)C Y,, and if B is a
subset of By, homeomorphic to [1, a], U;(B) is a countable w* closed subset of
the measures supported on {w>* "'l : 1 = 1,2, - -} U{w*"}. The space of measures
on this set is clearly isometric to /;(w) and thus by the lemma there is an element
y of norm one such that

lay +bx||z (1 ~e)(la+|bllx)-|ble/4

for all a,b €ER, and x € U(B) and such that suppy C{w®>*'1:1=1,2,---}.
Here ¢ is a fixed positive number.
Observe that

Ul({x.'(l): l(l) = 1,2, e }) = {xi(1): 1(1) = 1,2, ‘e }
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is norm dense in the probability measures supported on {w**':1=1,2,---}.
Thus we can assume that y = x;,,, for some integer j(1). (Precisely speaking we
should apply the lemma with some &'<¢ and then choose j(1) such that
Ixm-yl<e-e")

Next consider

U,= ’E Tzt Tiaya (I - 2 R,'(1)‘1,21) .
=1 i=1

Clearly U, is w* continuous and Ux(Y,)C Y.,. As before U,(B) is a w* closed
countable subset of a space isometric to IL(w) (namely,
span ({x;. 1,2 0 1 = 1,2, -+ - } U {x;0)..})) and thus by the lemma there is an element

yEspan{xma:1=12,---}, |yll=1,
such that

lay +bx ||z (1-e)(|al+]b]|x])-[b]e/d
for all a,b €R and x € U,(B). Since

Us{x i i) = 1,2, D = {x;01:0: i(1) = 1,2, -+ -},

we can assume that y = x;u1,;¢, for some integer j(3).
In this way we find indices j(1),j(3),---,j(2n — 1) such that if

Uc = 2 Ty, 1.i001iek-3),1.21
=1

+ Ti(l).l,j(3),1,-~-,i(2k—3).1 (I - Z Ri(l).l.--~.i(2k—3),1,2!) )
I=1

then
lax;waiomi ie-n+t bx|Z (A -e)(al+|b|x|)—|b|e/d

for all x € Ui (B), k =1,2,-- -, n.
Let

k
Sk = Tigyr,--jex-nat 2 Ui(I = Riay1,-i@i-n.1)s
k=1,2---, n We claim that if

Xim,1,---jen-11= 21 Az, {Z.~ HE N} CB,
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then

oo

2 ,Al l "Ri(l),l,~~~.i(2r-3),15k (I - R,'(])_l'...,i(z,_l)'l)z.' ” = 2(1 - E) - 21 ’Ai l 8/4,

i=]1

forr=1,2,---,k (R=1).
We will establish this claim by induction on k. If k = 1, $,(27_, Aizi) = x;5,1. By
our choice of j(1)

lax;y+ bUszi | Z (1 - e)(Ja|+]|b|| Uz )~ b /4,

for all a,b €ER, i €EN. Let Tju),12: = ¥:X;m,1 and note that since
(812 isupp s = Ticnn12s

Sr-1 Ay = 1. We have that Uyx;).1 = X;q), SO that letting a = — vy, and b =1, we
get that

|UI - Rzl = Uszi = Uiz
= || U,z, - 7.-U1xm>.1”
z(1-e)(lnl+IUzl) - /4

Summing over i, we have that

o o

SIS = R )zl = 2 | U = Ry, )z |

21— o) (3 ANl + SInllval)- 3 x4

;2(1—5)—2|Ai|e/4,

since 2.y Ay =1 and Xy = Uixjy.1 = 2=t AUazie
Now inductively assume we have proved our claim for k —1. Because

Sk—l(I - Rj(l),l,---,i(Zk—3),1)Sk + Ti(x),1,~-.,'(2k-3).1,
we have
R, jer-318e-1I = Rjay,1,-jar-1.1)
=Rjm.1,ier-18 (I — Riw.1.j@r-1.1),

for r=1,2,---,k — 1 and thus we need only show that
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2 '/\.- l ”Ri(l).1.~-,i(2k—3),1sk (I - Ri(l),l.-~-,i(2k—1).1)" = 2(1 - 8)' 21 I/\-‘ | /4.
i=1 i=

By the choice of j(2k — 1),
laxim, jex—n+ bUizi|[Z A~ e)(|a|+|b[|| Uezl)) - | bl /4.
As before let
T, wjex-01Zi = (SkZi Yisupp s san-na
= YiX i1, --wi@e-Da
and note that 27, Ay = 1.
UiX .- j@e-1,1= Xjay1,--,j@e-1)
and if we choose a = ~ y; and b =1, we have that
1 U = Rigy1,--jek-n.0) 2 || = | Uszi = viUix s, jak-naal
z(1-e)(|vl+{Uazi)—e/a.

Summing over i we get
; AU = Ry, ir-.0)Z |

=(1-e) (ZInlinl+ S Inlvad)- 5 Iaders

i=1
=2(1—¢)— 2, || e/,
i=1

because 2:‘;1 )\.'Ukzi = X @)1, j@k~1). Observe that
Ri(l),l,---,i<2k—3),xsk (I - Ri(l)‘l,'--,i@k—l),l) = Uk (I - Ri(l).lw~~,i(2k—l),l)

and thus the claim is proved.
Taking k = n we have that

i§=‘1|,\il

v

PN

v

_21 | A [21 ||Ri(l).l,--~,i(2r—3).xsn (I - Rjm,i@r-n1)2 "
1= r=

+ ” R;a)1,-ian-1.18x2i "]
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22[2(1—5)—2,)\;,8/4]+1

=2n(1-&)+1- |A|en/a.
i=1
Hence

i=1 e 1+ En/4
Because ¢ was arbitrary, it follows that the norming constant of X, is at most

1/(2n + 1). Thus X = (£ X.),, is not isomorphic to a subspace of C(a), for any
o < w;.

ProoF oF THE LEMMA. By the Mazurkiewicz-Sierpinski theorem [6], A is
homeomorphic to [1, @ n], for some y < w, and n € N. We will prove our result
by inductionon y and n. Thus we will assume as our inductive hypothesis that for
all B<vy, n€N, and £>0, if A={x,:a=w’n}, where x, >a is a
homeomorphism, and if {y.:n €N} is a sequence of unit vectors of finite
support with supp y. Nsupp y. =&, for n# m, then there is an element
Z =304y, ar 20,27, a. = 1, a,# 0 for only finitely many n, such that for all
a, b and a = 0’n,

laz + bx.l= A~ e)(la|+|b]lx.]) - |be/4.

First we will show that our inductive hypothesis actually will give us a
sequence {z; : i € N} of disjointly supported convex combinations of {y, : n € N}
such that for all {a; :i EN}CR, bER and a = 0”n,

> iz + bx,

;(1—8)(2 la..l+1b|uxau)—|b;e/4.

Let & | 0, 2, & < £/2. By applying the inductive hypothesis for & we can
find a sequence {z; : i € N} such that supp z; is finite, supp z; Nsupp z; =3, i # j,
and for all a,b €ER and a = «®n,

laz + bx. |z (1= &)(Ja|+|b | xa[) = b &:/4.
It follows that
laizi + 5% ajuwpesll Z (1 = &) (@[ + [ B[ x () = || £:/4 = [b ][ X ctowop=c ]
== e)(a+[b [ xatswpr=l)
—1ble/d= &bl xaicuepee]-
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Summing over i we get that

i a.z; + bx,

i=1

2 3 (1~ e) (1 |+ 15[ %.tammel)
#1115 coturme sl =11 3 eullxal= 5] 3, /4

= (1= o) (Zlal+1blIxl) - bllxler2-bles8

2 (1-) (3 ol +[bllxl) = blers.

The inductive hypothesis is obvious for y = 0. Suppose A ={x.:a = 0"} for
some y = 1. Choose ng such that || x ,7jx,..)|| < £°/128 and assume (without loss of
generality) that supp y; C [n,, w) for all . Let

A ={a :“xalsuppy:”; 33/64}-

A, is w* closed and does not contain w”. Hence by the inductive hypothesis
there are elements {z,,:i €N} which are finite convex combinations of
{y. : n > 1}, disjointly supported, and for all « € A,,

i a.z,; + bx,
i=1

> (1- &'/64) (2 | +[b][x ||)— Ib|*/512.

Let A;={a :||X ajsuppz,, | = £°/64} and as above let {z, : i € N} be a sequence of
finite convex combinations of {z,,:i > 1} which are disjointly supported and
satisfy

" i Ao + bxa
=1

for all @ € A,.
By repeating this argument [ = 4/¢ — 1 times (we may assume 4/¢ € N), we get
elements {z; :i €N, j=0,1,2,---, I} (let y; = 2, i = 1,2, ) such that
(a) {z; : i EN} is a sequence of finite convex combinations of {z;_,,; :i > 1},
(b) supp z; Nsuppzx =&, i#k,
(c) suppz; Nsupp zi_1.. =G, ViEN, j=1,2,-- ],
@) if « € A ={a :"xalsuppzj-x.)” Z £°/64},

> (1- £7/64) (2 lai|+ b)) x. u)— 1ble¥/512

i ailji + bxa
i1

= (1- £%/64) (2 la:]+]b]] . n)— Ible¥/512.



58 D. E. ALSPACH Israel J. Math.
Let z=1¢5,.02, and fix a = w”:

!
laz +bx. || = |2 2+ bx.,
4 4

ig—2
ae
I 2 Zj1 + bxulu(suppzil:[sio—2)

j=0

i
E zZnt bxal(u(suppz“:i<jo))‘” s

i=jo

|

ae
+ l’ -I Zjo—l,l + bxalsuppzio_m

ae

4l

where j, is the first integer j for which & € A,. For j = jo— 2, [| X ajsupp:,, | < £7/64,
so that the first term is larger than

Go- 1 12Le o1 LBle

64

For j = j,, each z;, is a convex combination of {z;,: : i >1}, and thus by (d), the
last term is larger than

(1= e%64) (22 0= o+ D+ 151 xarctamani=orl)

_Lpfe?
e

[ble?
a|u(suppz,-1:i<iu>”— 512

Finally,

ae ale
TR IR )

Hence

ale . ble® . a
llaz + bx. IIEI—J—E (o— 1)—1—614i (o— 1)‘1—4L£+ [B 111X atsopp sy onall

+(1- £°/64) (l%l_s (1= jo+ )+ [ B[] X ctsupp - <ion®

3
64 ”xa|u(suppz“:i<io)” - 512

)

21212 (1- 1)(1- £64)+ 1511~ £64) . ctwrm s o0
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Ll o - Lle - LBl

512
zlal(1-¢/2)(1-€%64)+|b|(1— £/64)] x. ||

|ble? .
- I b ,(1 - 63/64)||x0|U(SUPP2ilii<io—1)” - 648 (]0+ 1)
ble® . [b
2 (1-e)la|+(1- o)]b] x| - EE Go- 1) - BLE iy 4 1)

z(I-g)la|+A-2)|bllx.]-1b]e*/8
z(1~e)(lal+[bllx.l)—-1b]e/4,

establishing the lemma for v. Clearly a similar argument will yield the case n > 1.

Finally, we wish to show that X is not isomorphic to a complemented subspace
of any C(K) space. We will accomplish this by showing that the I/;-predual Z
constructed (beginning with the one dimensional space) by Benyamini and
Lindenstrauss [3] is isomorphic to a complemented subspace of X. Since Z is not
complemented in a C(K) space, the result will follow.

Suppose that in our sequence {y,_.:j=1,2,---} we have y,=38,+38,,
ys=38; +38,, and ys = 38, + 35,. (These vectors may not have been in our original
sequence, but we can assume they are without affecting the preceding argu-
ment.) In Y, consider the subspace

Z,=span{x, : t is an [-tuple, 0 <! <2n, with ! odd, all of whose odd
entries except the last are 1, 3, or 5, and the last is either 2 or 4}.

(Recall that y, = 8,, y.= 8,.) It is easy to see that Z, is w* closed and isometric to
l,. (The defining set given above is a basis.) Also we leave it to the reader to
check (by induction) that Z, is w* isometric to the dual of the nth space of
Benyamini and Lindenstrauss.

It remains to show that Z, is w* complemented in Y, with the norm of the
projection independent of n. To do this we employ a selection theorem for
Li-preduals (theorem 11.4.17 of [5]). Define ¢ : By, —> 2%z by

Y(Y) = Yiswppz, t ” Y isuppz. || Bz,

where supp Z, = U{suppz :z € Z,}. It is easy to see that ¢ is lower semi-
continuous (in the w* topology), symmetric, and convex. Therefore, there is a
convex, symmetric, w* continuous selection P : By, — B;_such that P(y) € ¢(y)
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for all y € By,. Clearly P extends to a norm one w* continuous linear operator
from Y, to Z, which is a projection onto Z,.

RemArk. It is possible but messy to explicitly write down a projection from
Y, to Z,. For example for n =2, define

2 3 L
R(2l—1),i(2),2k) + 2 z z T(Zl—l),i(Z).Zk-

k=11=1i(2)=1

oo

P,=(T\+ T.,)(I—gi

I=1i@2)=1
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