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A QUOTIENT OF C ( o  '~ 
WHICH IS NOT ISOMORPHIC 

TO A SUBSPACE OF C(a), a < (.01 

BY  

D A L E  E. ALSPACH* 

ABSTRACT 

A quotient space of C(to ~), the continuous functions on the ordinals not greater 
than oa ~ with the order topology, is constructed which is not isomorphic to a 
subspace of C ( a ) ,  a < oa~. 

00. Introduction 

Johnson and Zippin [4] have shown that a quotient of Co is isomorphic to a 

subspace of co. (See also [1].) This and the fact that a quotient of C[0, 1] is 

isomorphic to a subspace of C[0, 1] gives rise to the question of whether or not 

this is a general property of separable C(K) spaces, i.e., if X is a quotient of 

C(K), for some compact metric space K is X isomorphic to a subspace of C(K) .  

A positive answer to this question would have shed additional light on the 

problem of classifying the complemented subspaces of C[0, 1] in view of the fact 

that each complemented subspace of C[0, 1] is a quotient of C(ce), for some 

a < to~, or is isomorphic to C[0, 1], [2]. 

In w of this paper we show that there is a quotient X of C0(to ~) which is not 

isomorphic to a subspace of C(a), for any a < to~. In addition, X is not 

isomorphic to a complemented subspace of any C(K) space and X* is isometric 
to 1~. 

We will use standard Banaeh space notation as may be found in [5]. If a is an 

ordinal, C ( a )  (resp. Co(a)) denotes the space of continuous functions on the 

ordinals not greater than a with the order  topology (resp., and vanishing at a) .  

We will denote the a th derived set of a topological space K by K <~). 
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Finally, we will without  fur ther  commen t  consider  e lements  of the spaces 

C ( a ) * ,  a < to~, as e i ther  funct ions defined on the ordinals or  as measures.  

w Our  quot ient  space X of C0(to ")  will be a Co sum of quot ients  X ,  of 

C(to2"), n = 1, 2 , . .  -. The  following procedure  is basic to the definit ion of X,. 

Let  x be an e lement  of the unit sphere of l,(to ") = C(to")*,  for  some integer  n, 

and suppose that 

supp x C [1, t o " ] ( " ) -  [1, to"]( '+",  m _-> 2. 

Let  {N~ : i = 1, 2, .  �9 �9 } be a part i t ion of N into infinite sets, let {y2j+~ : j = 1, 2 , . .  �9 } 

be a no rm dense set in the probabil i ty measures  on [1, to) such that the support  

of y2j+, is finite for  each j, and let y2 /=  ej, t h e / t h  vector  of the usual unit vec tor  

basis of L. Define 

I 
x(/3 + to")y .1)(k)  if a = /3  + tom-'k, for  some 

Xi(1)(O~) = /3 E [1, r (") LJ {0}, 
0 otherwise,  

i(1) = 1 , 2 , . . . .  Also for  each i(1), define e lements  x,o),(2), i ( 2 )=  1 , 2 , . . .  by 

{i 
,(1)(/3 + to ' -1)  if a = /3  + w("-2)k where  

x,o).2)(a) = /3 E [1, to"]("- ')  and k is the 
i(2)th e lement  of N.1). 

otherwise.  

Observe  that IIx, , . l l ,  = llx,,.,,2)ll, = 1. w*lim,(zr-,~x,.) ,(2) = x , . ) ,  and if y is a w* 

cluster point  of {x.~).2) : i(1), i(2) = 1, 2, 3 , . .  �9 } then 

y E ~'6({x,(,) : i(1) = 1, 2 , . . .  } U {x}) 

f 
= ~"6 (Ix,(1) : i(1) = 2, 4, 6 , . . "  } U {x}). 

To  define X~, we take m = n = 2 and x = 6,~2. Then  x2~ = &~t, l = 1, 2 , . . . ,  each 

of the measures  x~(1)~(2) is suppor ted  in { w k  + l : l E ~ , ) ,  k ~ N} and 

x,t.,(n(tok + l) = 
"x,(l)(to(k + 1)) 

0 

if I is the i(2)th e lement  of N.1), 

otherwise,  

k = 0 , 1 , 2 , . - . .  

No te  that supp xi(1),(2) f3 supp x,(1),,(z), = O if (i(1), i(2)) ~ (i(1)', i(2)'). Let  
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Y, = s"~5"6 ({x ,(,),(2) : i(1), i(2) = 1, 2 , . . .  } U (x,(~) : i(1) = 1, 2 , . . .  } LI (x}) 

and X,  be the predual  of Y~, i.e., if (Y,)• = {f E C(toz) : (y , f )  = 0 for all y E Y,}, 

then X~ = C(to2)/(Y~)• It is easy to see that Y~ is w* closed and that  a basis for 

I:1, 1-equivalent the usual unit vector basis of l~, is 

{x,o),(2) : i (1), i (2) = 1, 2 , . . .  } t.J {x2/: 1 = 1, 2 , . . .  } t.J {x }. 

To define X2 we i terate this construction in the following way. Let  x = 

6,. E / , ( to ' )  and define the sequences {x~o): i(1) = 1, 2 , . . .  } and 

{x,o),(2): i(1), i (2 )=  1 , 2 , . . .  } as above. Note  that  

supp x,o),(2) C [1, to,](z)_ [1, (o'] (3) 

and we can use our  procedure starting with x~o)~(2) to define sequence 

{x ,(,),(2),(3) : i (3) = 1, 2 , " "  } and {x i(1)i(2)i(3),(4) : i (3), i (4) = 1, 2 , " "  }. Precisely, 

= J  x,(,),(2)(/3 + to2)y,(3)(k) 

-1~i(,)i(2)i(3)(a ) ( 0 
and 

t c  

Xi(,)i(2)i(3)i(4)( O[ ) 
[ 0 

if a = /3  + (ok for some 

/3 E [1, to'] (2) U {0}, 

otherwise, 

if a = /3  + k, some /3 ~ [1, co'] (') and k 

is the i(4)th e lement  of N~(3), 

otherwise. 

Let  I:2 = s - ~ { x ,  : t  is a n- tuple of positive integers 0 =< n =< 4} and let X2 = 

C(to4)/(Y2)• It is easy to see that Y2 is w* closed and that  

{x, : t is a n-tuple,  0 -_< n _--- 4, and if t is of odd length, the last entry is even} 

is a basis for I:2 equivalent  to the usual unit vector basis of ll. 

Cont inuing in this way, we define for each n a w* closed subspace 

Y,  = s - ' ~ { x ,  : t is an / - tup le ,  0 =< l =< 2n} 

where x = x,, t is the 0-tuple, is 8,02.. Clearly Y, is isometric to 11 and 

X ,  = C(to2")/(Y,)•  is its predual.  

Obviously X = ( ~ X . ) ~  is isometric to (Y-C(to2"))J(Y.(Y.).0~, (X C(to2"))~o is 

isometric to (70((o"), and X* is isometric to (X Y,)~, which is isometric to l,. 

To show that  X is not isomorphic to a subspace of C ( a ) ,  for any a < to,, it is 

sufficient to show that  for every 8 > 0 there is an integer n such that Bx'~ does not 

contain a countable  set A homeomorphic  to a closed subset of [1, ot] which is 8 
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norming, i.e., 

sup{l(a, x)[:  a E A} > 8 Ilx II. 

This is equivalent to saying that 6-1co_+A 2~ Bx; = By.. 

The main step in our argument is contained in the following lemma: 

LEMMA. Suppose A is a countable r ), C(~o )) closed subset of  B,,(r ). Then 
for every e > 0  there is a probability measure x, suppx C [1, w ), such that 

I l a x + b y l l > ( [ a l + [ b [ l I Y l l ) ( 1 - e ) - l b [ e / 4 ,  Va, b E R ,  V y E A .  

Before proving the lemma we will use it to show that X is not isomorphic to a 

subspace of C(a),  for any a < o9,. 

Fix n and define for each l-tuple t, 0_-<l_-<2n, an operator 
R, : 11(r ll(oJ 2") by 

R,Ix = ~lu{t,~i.,,l:,~.2.---.,d, 

where s u p p x , = { a , : r = l , 2 , . . . , r o }  and a ? = s u p p { y : y < a , ,  and if 
a, E [1, co2"] tin), for some m, 1 < m < 2n, y E [1, o)2"] cm) U {0}. Note that if the 

length of t is even R , ( Y , ) C  Y.. 

Also define, for each t, an operator 7", on l~(to 2") by 

r o 

T,~ = ~ ~(,~:, ~.18~.; T~ = ~[1, ~, ~"18.~.. 

It is easy to see that T ,=  T,R,, T,(Y.)C Y., and if t= ( i (1 ) , i (2 ) , . . . , i ( l ) ) ,  
T, xi<~)..io) = x,, i f j  ___> I. We leave it to the reader to check that both R, and T, 
are w* continuous. 

Consider U~ = ET=~ T2i + T[I  - Y.7=~ R2~). (The infinite sums are convergent in 

the strong operator topology.) U1 is w* continuous, UI(Y , )C  Y,, and if B is a 

subset of BY. homeomorphic to [1, a] ,  U~(B) is a countable w* closed subset of 

the measures supported on {to2"-1/: l = 1, 2 , . . .  } U {to2"}. The space of measures 

on this set is clearly isometric to l~(to) and thus by the lemma there is an element 

y of norm one such that 

Ilay + b x [ l > - ( 1 - e ) ( l a l + [ b l l l x l l ) - l b [ e l 4  

for all a ,b  ~ R, and x E U~(B) and such that supp y C{to2"-~l : l = 1 ,2 , . . . } .  

Here e is a fixed positive number. 

Observe that 

U~({x,~) : i(1) = 1, 2 , . . .  }) = {x,x) : 1(1) = 1, 2 , ' . "  } 
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is n o r m  dense  in the  probabi l i ty  measures  suppor t ed  on {to~"-ll : l = 1, 2 , . - .  }. 

Thus  we can assume  that  y = xm) , for  some  integer  j(1).  (Precisely speaking  we 

should apply the  l e m m a  with some  e ' < e  and then choose  j (1)  such that  

II x , , , ) -  y II < ~ - ~ ' . )  
Next  consider  

Clearly Uz is w* cont inuous  and U=(Y , )C  I,',. As  be fo re  U=(B) is a w* closed 

coun tab le  subset  of a space  isometr ic  to 11((o) (namely,  

span ({xm). 1.2, : l = 1, 2 , . . .  } tO {xjm. 1})) and thus by the l e m m a  there  is an e l emen t  

such that  

y E span {xm, ,,,=, : l = 1, 2 , . - .  }, IlY II = 1, 

Ilay +bxll>-(1-e)(lat+lblllxll)-Ible/4 
for  all a, b E R and x E U2(B) .  Since 

U2({xm)a.,l) : i(1) = 1, 2 , . . .  }) = {x ,m, l , , ,  : i(1) --- 1, 2 , . . .  }, 

we can as sume  that  y = xim.l,;o), for  some  integer  j(3).  

In this way we find indices j ( 1 ) , j ( 3 ) , - - . , j ( 2 n  - 1) such that  if 

Uk = ~ Tj(l),l,j(X),l.-..,.i(2k-3).l,21 
I=1 

T,(1).l,,(Z),l,...,j(2k-3).l ( I -  ~ Rj(1),l,....j(2k-3),l.2I , + 
\ I=1 

then 

II a x  ,o). ,ao,. ~.....,(2k-,, + bx  II => (1 - ,  ) ( l a  I + I b III x II) - I b 

for  all x E Uk(B) ,  k = 1 , 2 , - . . , n .  

Le t  

k 

& = T,o).,.---a(zk-,)., + ~ Ut ( I  - R i o ) , l , . . . , j ( 2 , _ t ) , l ) ,  
I=1 

k = 1, 2, �9 �9 n. W e  cla im that  if 

Xj(1).I,---,j(2.-1).I ----" ~ AiZi, 
i - I  

{z~:i ~N}C B, 

el4 



54 D.E.  ALSPACH Israel J. Math. 

then 

f A, f IIRw,.l....,a,-3,.~Sk ( / -  R,(l,.L....,(2,_~,.a)Z, ll > - 2 ( 1 - e ) -  ~'~ Ix, I e /a ,  
i ~ l  i m l  

for  r = 1 , 2 , . . . , k  (R = I ) .  

W e  will establish this c la im by induction on k. If  k = 1, S~(E7=1A~z~) = xw).x. By 

ou r  choice  of  j (1)  

II axw)  + bUlz ,  IJ => (1 - e ) (  I a I + I blll U~z, II) - Ib Ie /4 ,  

for  all a, b E R, i E N. Let  T/o).~z~ = Y~Xw).l and  no te  that  since 

(S,z,)f..~..,, ,i ,  = T . . ,  ,z,, 

ET.~ A~,~ = 1. W e  have  that  Ulxw). l  = xj(~), so that  letting a = - ],~ and b = 1, we 

get that  

11UI(I - Rw) .Oz ,  l[ = II U~z, - Ul Tw,.~z, II 

= II u , z ,  - ~ , u m , , . , l l  

_-> (1 - ~)(I  ~,, I+ II U,z ,  II)-  ~/4.  

Summing  ove r  i, we have  that  

I,~, III s.(z - R. . .  Oz. II --- ~ I,~, III u x ( I  - R, . . . . )z ,  II 
i ~ l  i - 1  

- > ( 1 - ~ )  IA, IIv, I+ ,~,lUu,z, - E I A ,  I~/4 
i - -1  i - - I  

_-> 2(1 - e ) -  ~-~, [ A, [ e/4,  
i - -1  

since ET-~ A~y~ = 1 and xjo)= Ulxio).l = ET.~ h~Ulz~. 

N o w  inductively assume we have  p roved  our  claim for  k - 1. Because  

S k - ~ ( I -  Ri(D,],...,j(2k-3),x)Sk + Tj(D,l,...d(2k-3),], 

we have  

R j(l). 1,'" ",j(2"--3).| Sk  --| ( I  -- R j ( l ) ,  1 , " ' ,  j ("9 r -  | ) ,  1 )  

= Rim.l....j(2,-3).,& ( I  - R j(,.1...jar-,~.0, 

for  r = 1, 2,-  �9 k - 1 and  thus we need  only show that  
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l A, ] ]]R,~,., ... ,,~_3,.lS~ (I - R,,l,.1.....,,2~-,.011- 2(1 - e ) -  ~ I A, l e/4. 
i = 1  i =1 

By the choice of j ( 2 k  - 1), 

II a x  s(1), 1,...,,(2k-1) + bUkz ,  II ~ (1 - ~ ) (I a I § I b tll U~z, II) - I b t ~/4. 

As  before  let 

Tj(1).l.....j(2k-1).lz~ = (Skz~ )l~.pp~,~).~....i(~._,.~ 

~--- ~/iX j ( 1 ) , l , . . . , j ( 2 k _ l ) , l  

and note  that E7~1Aiy, = 1. 

U k x i ( 1 ) , . . . , j ( 2 k - 1 ) , l  = X j ( 1 ) , l , . . . , j ( 2 k - l )  

and if we choose  a = - 3,, and b = 1, we have that 

II u k  ( I  - R ,,,.1,....,(~k_,.1)z, II = II U~z, - v ,U~x , ( , . . . . . , ,~- , .d l  

-> (1 - ~)(I v, I+ II U~z, II)- ~/4. 

Summing over  i we get 

Ix, III u~ (1 - R,,,.1.....,,~k-,.,)z, II 
i = l  

_>- (1 -e )  (i__~11A'I]3" I + ,~1 ~ ]A, t11Ukz,]])- ~.: ]A, l e /4  

-----2(1- e ) -  ~,  IX, [el4,  
i = 1  

because  ET=I A, Ukzi  = xio). l . . . . , ,2k-1 ~. Observe  that 

Rj,).I....,j(~-3),IS~ ( I  - Ri,),I....,j(~-I).I) = U~ (I  - R j(~),l....,j(~k-,.0 

and thus the claim is proved.  
Taking k = n we have that 

I;~,l -> ~ Ix, IllS~ II 
i = 1  i = 1  

>- , IE llR,,,,1. ,,,2,-3,.ls.(I- R,,,.,. .,,2,-,.l)z, 

+ II Rj<,,1,....,(2.-,.IS.g, Ill 
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Hence 

=> 5"~ [2(1 - e) - 5-'~ I a' I e /4]  +1 ,-, ,-1 

= 2 n ( 1 - e ) +  1 -~ ' ,  Ia, ]en/4. 
i l l  

Ia, > 2 n ( 1 -  e ) +  1 
i-1 = 1 + en/4 

Because e was arbitrary, it follows that the norming constant of X. is at most 

1/(2n + 1). Thus X = (EX.)~ is not isomorphic to a subspace of C(a) ,  for any 

OL < Oil. 

PROOF OF THE LE~,,~S_A. By the M~urkiewicz-Sierpinski theorem [6], A is 
homeomorphic to [1, ,,.,'nl, for some y < ,,21 and n N. We will prove our result 
by inductionon "r and n. Thus we will assume as our inductive hypothesis that for 
all / 3 < 3 ,  n E N ,  and e>0 ,  if A={x~,:a<=coOn}, where x,~---*ot is a 

homeomorphism, and if {y. : n  E N} is a sequence of unit vectors of finite 

support with suppy.  N supp y= = O ,  for n #  m, then there is an element 

z = s a.y., a.  ~ 0, s a. = 1, a. ~ 0 for only finitely many n, such that for all 

a, b and a =< r 

Ilaz + 

First we will show 

bx~ II => (1 - * ) ( l a  ]+ ] b I IIx~ II)-I b I el4. 

that our inductive hypothesis actually will give us a 

sequence {z~ : i ~ N} of disjointly supported convex combinations of {Yn : n E N} 

such that for all {as : i ~ N} C R, b E R and u _-< oJ~n, 

[I ~ aiz,+ bx=[l>-_ ( 1 - e ,  ( ~  [a,[+ ,b[llx=[[)-lb,e/4. 

Let el ~ 0, Y.7=1 e~ < e/2. By applying the inductive hypothesis for e~ we can 

find a sequence {z, : i E N} such that supp z~ is finite, supp z, t') supp z i = ~:~5, i f 1, 

and for all a, b ~ R and a _-< roan, 

Ilaz, + bxa II >= (1 - e,)(I a I+ [blllx~, I I ) - Ib le , /4 .  

It follows that 

Ila,z, + bx~,l.upp.,ll>= (1 - &)(la, I + Ib l llx,~ U ) - I b l e , / 4 -  I b IIIx~t.op.,c ll 

= (1 - e,)(I a, I+ I b[[Ix~,,u~.,[[) 

- I b l e d 4 -  e~ Ibl[Ix~f<~upp,,,c [I. 
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Summing over  i we get that 

I1~ a , z ,+  bx,.ll >= ~ (1- e, ) ( l a, l + l b l ,, x a,~upp ~,,, ) 

,,llxoll-Ibl e,/4 
i ~ l  i = 1  

la, l+lblll oll)-lbtll oll /2-1bl /8 

The  inductive hypothesis  is obvious for  3' = 0. Suppose  A = {x~ : ct <= to~} for 

some 3' => 1. Choose  no such that I Ix~  t . . . .  < e3/128 and assume (without  loss of 

general i ty)  that supp y~ C [no, to) for  all I. Let  

a~  = { a :  II x II --- ~ 3]64} �9 

A~ is w* closed and does not contain to~. Hence  by the inductive hypothesis  

there  are e lements  {z , : i  ~ N }  which are finite convex combinat ions  of 

{y. : n > 1}, disjointly suppor ted,  and for  all a E A~, 

a,z~, + bx,,l >-_ (1- e ~/64) ( ~ l a, l + lb l llx,~ll)- Ib l e~/512. 

Let  A2 = {a :llx ~lsu~z,,ll => e 3/64} and as above  let {z2, : i E N} be a sequence  of 

finite convex combinat ions  of {z,, : i > 1} which are disjointly suppor ted  and 

satisfy 

[1~ aiz2i + bx~ll >= (1- e3/64) (~__~ ta~ , + ,b ,,,x,~ll)- lb , e3/5t2 

for  all a ~ A2. 

By repeat ing this a rgument  l = 4/e - 1 t imes (we may assume 4/e E N), we get 

e lements  {zi, : i E N, ] = 0, 1, 2 , . .  -, l} (let y, = z0,, i = 1, 2 , . - -  ) such that 

(a) {zji : i E N} is a sequence  of finite convex combinat ions  of {zj_,.~ : i > 1}, 

(b) supp zj, O supp zjk = O, i fi k, 

(c) suppzj ,  N s u p p z j _ , . , = O ,  Vi E N ,  j = 1 , 2 , . - . , / ,  

(d) if ct ~ A, = {a :llx~,,uppz, .... II => e3/64}, 

II ~ a,z,, + bx~lt >= (i - e 3 / 6 4 ) ( ~  l a , ' +  Ib 'tlx,~t')- tb'e3/512. 
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Let  z = ~ e i Xj.oZj~ and fix ot < w ' :  
I 

II II Jl az + bx.. [J = --~ E z,, + bx.. 
1=0 

II II + T Z j o - l ' l +  bXajsuppZio_l,1 

II II + "T �9 ~'. zn + bx..u~.u~..,,:j<jo~). , 
I =10 

where/'o is the first integer ] for which a E Aj. For j --<]o- 2, IIx.ls.oo~,,[[ < e3/64, 
so that the first term is larger than 

( jo-1)  a ~ - ( ] o - 1 )  lb[ e3 
4 64 

For j >]o, each z n is a convex combination of {Zjo., : i > 1}, and thus by (d), the 
last term is larger than 

Finally, 

( 1 - e 3 / 6 4 ) ( a ~ 4 e ( l - ] o +  1) + I b J Jl x ~l(u,suppz, :,<,o~,~ 

__[bIE 3 [bJ~ "3 
64 [Jx.,u,su~pz.:/</o~J[- 512 

114z l+bx . z~ I1o 
Hence 

J la z+bx~  JJ--> aL~4E ( j o - 1 ) -  b6[~4 e3 (jo-1)-aL-~-4 e+ I b I[Ix~,sopp%_,.,[J 

+ (1 - e  3/64) ( a 4 ~  (l - jo + 1) + [b I[ [ X a I(O{supp z~]:/<jo})eJ[) 

_ Ibl ~3 Ibis3  Ilxo,~,~o~z,,:,<,~ll- 512 64 

[ a [ e ( l  1)  (1 - e 3/64) + I b [ (1 - e /64)  JJ ~ ,(o,,.pp ~,,:,<,o-1~)'11 ~ 3 X 

- 4 
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-Ibl~3U~ 64 1)- baL~4 ~llx~ll-lble3 512 

l a I(1 - e/2)(1 - e3/64) + Ib J(1 - e3/64)llx. II 

= ( 1 -  e)lal + (1- e)lb I Ilxo II- t jo-  1 ) -  b6~4 e3 (j0+ 1) 

~ ( 1 - e ) l a l + ( 1 - e ) l b l l l x o t l - l b t ~ / 8  

~=(1-~) ( la t+lb l l l x ,~ l l ) - Ib le /4 ,  

establishing the lemma for y. Clearly a similar argument will yield the case n > 1. 

Finally, we wish to show that X is not isomorphic to a complemented subspace 

of any C(K) space. We will accomplish this by showing that the ll-predual Z 

constructed (beginning with the one dimensional space) by Benyamini and 

Lindenstrauss [3] is isomorphic to a complemented subspace of X. Since Z is not 

complemented in a C(K) space, the result will follow. 

Suppose that in our sequence { y 2 j - l : j = l , 2 , " ' }  we have y1=�89189 

y3 = 281 + !832, and Ys = -~81 + ]82. (These vectors may not have been in our original 

sequence, but we can assume they are without affecting the preceding argu- 

ment.) In Yn consider the subspace 

Z ,  = span{x, : t is an /-tuple, 0 < l < 2n, with l odd, all of whose odd 

entries except the last are 1, 3, or 5, and the last is either 2 or 4}. 

(Recall that Y2 = 81, y4 = 82.) It is easy to see that Z ,  is w* closed and isometric to 
11. (The defining set given above is a basis.) Also we leave it to the reader to 

check (by induction) that Z.  is w* isometric to the dual of the nth space of 
Benyamini and Lindenstrauss. 

It remains to show that Z ,  is w* complemented in Y. with the norm of the 

projection independent of n. To do this we employ a selection theorem for 

Lrpreduals  (theorem I1.4.17 of [5]). Define ~b : By.---~ 2Bz~ by 

O(y) = y~s.~,pz.+ Ily~,s.ppz.,,llBz. 

where supp Z~ = U{supp z : z E z ,}.  It is easy to see that qJ is lower semi- 

continuous (in the w* topology), symmetric, and convex. Therefore, there is a 

convex, symmetric, w* continuous selection P : By~ --~ Bz. such that P(y)  E ~b(y) 
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for all y E B y .  Clearly P extends  to a n o r m  one  w* con t inuous  l inear  opera to r  

f rom Yn to Zn which is a pro jec t ion  on to  Zn. 

REMARK. It is possible bu t  messy to explicitly write down a pro jec t ion  from 

Y. to Z, .  For  example  for n = 2, define 

P2~-(TI'~-T4)('-- ~ ~ ~ R(21-1).i(2).2k)'~ ~ ~ (~) T(21--1). ,(2).2k. 
kffil  lffil  i(2)ffil kffil  I~1 i • l  
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